A normal quartic polynomial is a quartic polynomial whose fourth degree term coefficient tensor is positive definite. Its minimization problem is one of the simplest cases of nonconvex global optimization, and has engineering applications. We call a direction a global descent direction of a function at a point if there is another point with a lower function value along this direction. For a normal quartic polynomial, we present a criterion to find a global descent direction at a noncritical point, a saddle point, or a local maximizer. We give sufficient conditions to judge whether a local minimizer is global and give a method for finding a global descent direction at a local, but not global, minimizer. We also give a formula at a critical point and a method at a noncritical point to find a one-dimensional global minimizer along a global descent direction. Based upon these, we propose a global descent algorithm for finding a global minimizer of a normal quartic polynomial when n = 2. For the case n ≥ 3, we propose an algorithm for finding an -global minimizer. At each iteration of a second algorithm, a system of constrained nonlinear equations is solved. Numerical tests show that these two algorithms are promising.
Introduction.
The multivariate polynomial optimization problem has attracted some attention recently [6, 12, 14, 16, 17, 18, 25] . It has applications in signal processing [2, 5, 18, 22, 23] ; merit functions of polynomial equations [6] ; 0 − 1 integer, linear, and quadratic programs [12] ; nonconvex quadratic programs [12] ; and bilinear matrix inequalities [12] . It is related to Hilbert's 17th problem on the representation of nonnegative polynomials [14, 20] .
In [18] , Qi and Teo raised the concept of normal polynomial. They used tensors to denote coefficients of a multivariate polynomial. They called an even degree polynomial a normal polynomial if its leading degree term coefficient tensor is positive definite. They showed that the multivariate polynomials resulting from signal processing [2, 5, 22, 23] are normal quartic polynomials. They gave a bound for the norms of all global minimizers of a normal polynomial. They pointed out that normal quartic optimization is one of the simplest nontrivial cases of nonconvex global optimization.
In [17] , Qi further studied the extrema structure of a real polynomial, in particular, a normal quartic polynomial. Let f be a real polynomial. Qi [17] called a polynomial factor of f − c 0 , where c 0 is a constant, an essential factor of f . He showed that essential factors of f play an important role in defining critical and extremum surfaces of f . He proved that a normal polynomial has no odd degree essential factors, and all of its even degree essential factors are normal polynomials, up to a sign change. He also showed that a normal quartic polynomial can have at most one local maximizer.
The results of [18] and [17] indicate that there should be some better methods for finding a global minimizer of a normal quartic polynomial than in the general case.
Let f : n → be a nonconvex function. Let x, y ∈ n , y = 0. We call y a global descent direction of f at x if there is a t ∈ such that f (x + ty) < f(x).
Clearly, x is a global minimizer of f if and only if it has no global descent directions. It is also obvious that a local descent direction of f at x is a global descent direction of f at x. Hence, if x is not a local minimizer of f , it is easy to find a global descent direction of f at x.
Thus, the next questions are as follows: Given x and y, can we judge if y is or is not a global descent direction of f at x? If it is, can we easily find a one-dimensional global minimizer of f along this global descent direction? In general, how can we find such a global descent direction? We seek answers to these questions for the case when f is a normal quartic polynomial.
The paper is organized as follows. In section 2, we review the current knowledge on tensors and normal quartic polynomials.
In section 3, we present a criterion for finding a global descent direction of a normal quartic polynomial f at a saddle point or a local maximizer and for judging whether a given direction is a global descent direction of f at a local minimizer. At a critical point of f , we give a formula for finding a one-dimensional global minimizer along a global descent direction.
In section 4, we give a method at a noncritical point of f to find a one-dimensional global minimizer along a global descent direction.
In section 5, we present a method for finding a global descent direction of f at a local minimizer when n = 2. For the case n ≥ 3, we propose a constrained nonlinear equation approach to find a global descent direction of f at a local minimizer. The latter is valid for general global optimization. Some sufficient conditions for judging whether a local minimizer is global are given in section 6.
Based upon the above analysis, in section 7 we propose a global descent algorithm for finding a global minimizer of f when n = 2. When n ≥ 3, we form another algorithm based upon the constrained nonlinear equation approach described in section 5. This algorithm will find an -global minimizer of f .
In section 8, we describe an application of the proposed method in signal processing and report numerical testing results for these two algorithms. For the first algorithm, which can find a global minimizer of f when n = 2, we solve the example in [23] in eight iterations. We then solve ten problems randomly generated. The results show that the maximum iteration number is 10 and the minimum is 4. The computer time for each example is no more than one second. For the second algorithm which finds an -global minimizer of f for n ≥ 3, we solve ten problems randomly generated for n = 3 and five problems randomly generated for n = 4. The maximum iteration number is 21 and the minimum is 6. The computer time for each example is approximately one second. We then solve four problems for a class of special normal quartic polynomials with n = 6. After 21-25 iterations, we obtain the global minimizers of these four problems. Some final remarks are given in section 9.
Tensor analysis and normal quartic polynomial.
We use A and B to denote fourth order totally symmetric tensors, and use A i1i2i3i4 , i l ∈ {1, . . . , n} for l = 1, 2, 3, 4 to denote the elements of a fourth order totally symmetric tensor A, i.e.,
Similarly, we use M and N to denote third order totally symmetric tensors, P and Q to denote second order totally symmetric tensors, p and q to denote first order totally symmetric tensors, and p 0 and q 0 to denote constants. Thus, the elements of M , P , and p are M ijk , P ij , and p i , respectively, for i, j, k = 1, . . . , n. We also have
Then we may denote a quartic polynomial f :
where A is a fourth order tensor, M is a third order tensor, P is a second order tensor, and p is a first order tensor, while p 0 is a constant.
Actually, a first order tensor p is equivalent to a vector, and a second order tensor P is equivalent to a square matrix. Thus, we have px = p T x and P x 2 = x T P x. But we will prefer to use the tensor notation px and P x 2 in this paper. Let · be a norm in n . Denote
We say that a fourth order totally symmetric tensor A is positive definite if
This definition extends the definition of positive definite matrices. For a fourth order tensor A, it was defined in [18] that
Clearly, A is positive definite if and only if [A] > 0. Similarly, for a second order totally symmetric tensor P ,
which is the smallest eigenvalue of the symmetric matrix P when we use the 2-norm. We may also define positive semidefinite totally symmetric tensors similarly. We also define the norm of A, M , P , a, etc. as
A quartic or quadratic polynomial is called a normal quartic or quadratic polynomial, respectively, if its leading coefficient tensor is positive definite.
Here are some nice properties for a normal quartic polynomial f , expressed by (1) [17, 18] .
(a) When x tends to infinity, the value of f will also tend to infinity. (b) f always has a global minimizer. If x * is a global minimizer of f , then
For a normal quartic polynomial arising in signal processing, a computational bound for its global minimizers was also given in [18] .
(c) If f can be written as
where g and h are two nonconstant polynomials and c 0 is a constant, then g and h are normal quadratic polynomials up to a sign change of both g and h. In this case, if at least one of the zero sets of g and h is nonempty, then a global minimizer of f can be found in the interiors of one or two ellipsoids defined by the zero sets of g and h, or at the points defined by the zero sets of g and h. See [17] for details.
(d) f has at most one local maximizer. According to the Bézout theorem [3, 10] , if a quartic polynomial f of n variables has only isolated critical points, then the number of these isolated critical points is less than 3 n . In [4] , it was shown that a quartic polynomial of two variables has at most five isolated local extremum points if it has only isolated critical points. See also [21] . But a quartic polynomial or even a normal quartic polynomial may have extremum manifold. So these results have not given a real bound on the number of local extremum points.
Surely, if a function f has a connected extremum manifold C, it has infinitely many local minimizers. Thus, we may not count the number of local extremum points in this case. But we may count the number of extremum levels. It is easy to see that if a function f has a connected critical point manifold C, then f has the same value at this manifold [17] . This motivates us to define the following concept: We call a real number c 0 a minimum level (critical level) of f if there is a local minimizer (critical point) x of f such that
Proposition 1. The number of minimum (critical) levels of a polynomial is finite.
Proof. The critical point set of a polynomial is a real algebraic variety [26] . It has at most a finite number of topological components [26] . As stated above, f has the same value on each topological component of this algebraic variety. Hence, the number of critical levels of f is finite. As a minimum level is a critical level, the number of minimum levels of f is also finite. This proposition has important implications for developing global descent algorithms for finding a global minimizer of a normal quartic polynomial. We say an algorithm is a global descent algorithm if it can always proceed from a local minimizer, when it is not a global minimizer, to another local minimizer with lower function value. By this proposition, such an algorithm will converge in finitely many iterations.
Global descent directions.
In this section we study global descent directions of f at critical points, where f :
n → is assumed to be a normal quartic polynomial, i.e., its fourth degree term coefficient tensor is positive definite. We first give a criterion to judge the type of critical points. Then we give a sufficient and necessary condition for a direction y to be a global descent direction of f at a critical point x, and a formula to compute a global minimizer of f along y if y is a global descent direction. We further investigate the way to find a global descent direction if x is a local maximizer or a saddle point of f . If x is a local minimizer, we give a criterion to judge whether it is a global minimizer or not. The issue of finding a global descent direction when x is a local minimizer, but not global, will be treated in section 5.
Let F : n → n be the gradient function of f , i.e.,
Throughout this section, we assume that x is a critical point of f , i.e.,
Then we may rewrite f as
where y ∈ n , y = 0, t ∈ , Q is a second order tensor, and N is a third order tensor. It is obvious that
and
Hence, it is easy to calculate Q and N . The next proposition gives a criterion to judge whether a given critical point x of f is a local minimizer, a local maximizer, or a saddle point. 
Proof. If Q is positive definite, negative definite, or has both positive and negative eigenvalues, the conclusions are clear, as the sign of f (x + ty) − f (x) is dominated by t 2 Qy 2 when y is fixed and t is small. If Q is positive semidefinite and for all y ∈ {y ∈ n : Qy 2 = 0},
then when t is sufficiently small, for y ∈ {y ∈ n : Qy 2 = 0},
, which is always positive, while for
we have
as A is positive definite. Hence, x is a local minimizer in this case. If Q is positive or negative semidefinite and for some fixed y ∈ {y ∈ n : Qy 2 = 0},
then when t is sufficiently small, the sign of f (x + ty) − f (x) is dominated by t 3 Ny 3 , which changes sign when t changes sign. Hence, x is a saddle point in this case.
If Q is negative semidefinite and for all y ∈ {y ∈ n : Qy 2 = 0},
we have f (x + ty) − f (x) < 0 when t is sufficiently small, while for
as A is positive definite. Hence, x is a saddle point in this case. This exhausted all the cases. We still assume that x is a critical point of f . The next issue is to determine whether a given direction y ∈ n is a global descent direction of f at x. Since A is positive definite, we have a > 0. Define φ : → by
Clearly, y is a global descent direction of f at x if and only if there is a t ∈ such that φ(t) < 0. If t * is a global minimizer of φ, then x + t * y is the best candidate for the next iterate of a global descent algorithm for finding a global minimizer of f if we regard x as the current iterate.
Hence, φ plays a fundamental role in our discussion of the global descent direction. We call φ the fundamental polynomial of f at x along the direction y.
We also denote
The next theorem provides a sufficient and necessary condition for y to be a global descent direction of f at x and provides a formula to compute exactly a global minimizer of the fundamental polynomial.
Theorem 3 (fundamental polynomial test). Let f : n → be a normal quartic polynomial and x be a critical point of f . Then y ∈ n is a global descent direction of f at x if and only if
and we have
Proof. By calculus, if and only if ∆ ≤ 0, we have φ(t) ≥ 0 = φ(0), i.e.,
for all t ∈ . This proves the first conclusion. If ∆ > 0, then φ has three critical points:
is given by (4), and
It is not difficult to see that
This shows that t * = t 1 is a global minimizer of φ. In the case b < 0, the proof is similar. This completes our proof. With this theorem, we may analyze global descent directions at a critical point case by case.
The next theorem shows that eigenvectors corresponding to any negative eigenvalue of Q are global descent directions.
Theorem 4 (negative eigenvalue of Q). Let f : n → be a normal quartic polynomial and x be a critical point of f .
If y ∈ n is an eigenvector of Q corresponding to a negative eigenvalue of Q, then y is a global descent direction of f at x, and x + t * y is a one-dimensional global minimizer of f from x along y, with the function value
where t * and φ(t * ) are given by (3) and (4), respectively. Proof. Since a > 0 and c = Qy 2 < 0, we have ∆ > 0. The conclusions of the theorem follow from Theorem 3.
When Q has a zero eigenvalue but no negative eigenvalue, by the next theorem, we may also determine whether an eigenvector corresponding to a zero eigenvalue of Q is a global descent direction or not.
Theorem 5 (zero eigenvalue of Q). 
where
Note that the formulas about t * and φ(t * ) in the above theorem are special cases of (3) and (4) when c = 0.
Theorems 4 and 5 actually address the issue of how to compute a global descent direction when x is a local maximizer or a saddle point of f . When x is a local minimizer but not global, it is not an easy task to compute a global descent direction of f . In section 5 we will deal with this case. In the following we give a criterion for judging whether a local minimizer is global. If x is a global minimizer, then there does not exist a global descent direction. Thus by Theorem 3, ∆(y) ≤ 0 for all y = 0. This proves the "only if" part of the first assertion.
For the "if" part of the first assertion, we proceed by contradiction. Assume the contrary, i.e., x is not a global minimizer. Then there exists a global descent direction y = 0. By Theorem 3 we have ∆(y) > 0. By the "if" condition, we have c = 0. This implies b = 0 by the argument at the beginning of this proof. Hence φ(t) = at 4 > 0, which contradicts the assumption that y is a global descent direction.
We now prove the two other assertions. 
One-dimensional normal quartic minimization at a noncritical point.
In this section we study the global minimizers of the normal quartic polynomial f at a noncritical point along a global descent direction, which can be reformulated as a one-dimensional global minimization. To address this issue, we propose an approach based on the one-dimensional Newton method.
Assume that x is not a critical point of f , i.e.,
Let y ∈ n such that
Then y is a descent direction, and hence a global descent direction of f at x.
Our aim is to find a one-dimensional global minimizer of f on the line {x + ty : t ∈ }, which is equivalent to finding a global minimizer of
We may rewrite
where the meanings of a, b, and c are defined in the last section, while d = −qy.
We now have a > 0 and d > 0. Denote
The next proposition states a useful property of ψ. Proposition 7. Let f :
n → be a normal quartic polynomial and x be a noncritical point of f . Suppose that y is a descent direction satisfying (5) . If ∆ 1 > 0, then ψ has a local maximizert
and a local minimizert
Proof. If ∆ 1 > 0, thent 1 andt 2 are two zeros of the quadratic polynomial η, and hence two critical points of the cubic polynomial ψ. We also have
i.e.,t 1 is a local maximizer of ψ andt 2 is a local minimizer of ψ. Since a > 0, we havē
Since ψ is a cubic polynomial,t 1 is a local maximizer andt 2 is a local minimizer, we have
where for any α ∈ , α + := max{α, 0}. It is not difficult to deduce ψ(t) > 0 for all t >t 0 and ψ(t) < 0 for all t <t 0 .
Since φ is a one-dimensional normal quartic polynomial, it has one or two local minimizers. We distinguish these two different cases in the next proposition and give illustrations of the various situations in Figures 1-4 
Furthermore, in case (a), φ is convex, and
In case (b), we have
In case (c), we have
, then φ has two local minimizers t * 1 and t * 2 such that
Proof. (i) If case (a) occurs, then η(t) ≥ 0 for all t. This implies that φ is convex. Since φ is a nonconstant convex polynomial, it can have one local minimizer t * , which is also a global minimizer. Since ψ(0) = −d < 0, ψ(t * ) = 0, and ψ(t 0 ) ≥ 0, we have 0 < t * ≤t 0 . If case (b) occurs, we have
Since ψ(0) < 0, we have t * ∈ (0,t 1 ) such that ψ(t * ) = 0. We now have
Since η(t) > 0 for all t <t 1 , t * is a local minimizer of φ. 
If ψ(t 2 ) > 0, then t * is the only zero of ψ. If ψ(t 2 ) = 0, thent 2 is also a zero of ψ. But since ψ(t) > 0 when t is close to but not equal tot 2 , in this caset 2 is a saddle point of φ. In both cases, t * is the unique minimizer of φ. Since φ is a normal quartic polynomial, it is also the unique global minimizer of φ.
If case (c) occurs, we havet
The remaining proof is similar to that of the last case.
(ii) Since a > 0, ψ(t 1 ) > 0 > ψ(t 2 ), andt 1 <t 2 , we have
Actually, we havet
It follows from the above proposition that if φ has only one local minimizer, then it is also the unique global minimizer of φ. We now state an algorithm for finding the global minimizer of φ in this case. Algorithm 1.
Step 0. Compute ∆ 1 ,t, andt 0 by (7), (10) , and (11), respectively. Set j := 0.
Step Step 5. If ψ(t 2 ) ≥ 0, then set t 0 := 0; otherwise set t 0 :=t 0 .
Step 6. Compute the next iterate point by using the one-dimensional Newton method
Step 7. Set j := j + 1. Go to Step 6. The following is the convergence statement of the above algorithm.
Theorem 9 (single minimizer of φ). Let f :
n → be a normal quartic polynomial and x be a noncritical point of f . Suppose that y is a descent direction satisfying (5) Proof. We prove only the convergence result when Step 4 in Algorithm 1 is executed. For the other two cases, the proof is similar.
Assume that ψ(1) = 0 and ψ(t) = 0. Then ψ(t 0 ) > 0; otherwise, ψ(t 0 ) = 0. It is not difficult to deducet 0 = 1, a contradiction. This, together with (i)(a) of the last proposition, implies 0 < t
We also have η(t j ) > 0, ast is the only possible zero of η (only when ∆ 1 = 0). Then
By the mean value theorem, there is an ξ ∈ (t j , t * ) such that
Since η (t) < 0 for all t <t, as t j < ξ, we have
Hence,
As η(t j ) > 0, we have
This implies that
Hence, if we let t 0 = 0, the one-dimensional Newton method (13) is well defined and {t j } strictly increases to a limit. By the property of the Newton method, this limit must be a zero of ψ, which is t * . As η (t * ) = 0, the sequence converges quadratically to t * . If ψ(t) < 0, thent < t * <t 0 . By taking t 0 =t 0 , similar to the above proof, we can deduce the corresponding convergence result.
When φ has two local minimizers t * 1 and t * 2 , we can use a similar method to find them. The differences lie in that (i) we also calculatet 0 by (12) 2 ), we may find a global minimizer t * of φ. Since minimizing φ is only a subproblem of minimizing f , we only need to find an approximate global minimizer t * of f such that φ(t * ) < 0 and |ψ(t * )| ≤ for some given > 0.
Global descent directions at a local minimizer.
At a noncritical point of f , we may use the method in section 4 to find a one-dimensional global minimizer of f along this descent direction and its opposite direction. At a saddle point or the unique local maximizer of f , we may identify a global descent direction by Theorems 4 and 5 and use the formula in section 3 to calculate a one-dimensional global minimizer of f along this global descent direction. Actually, if we proceed in this way, we will not meet the unique local maximizer of f , unless we by chance use it as the starting point, since each time, the iterate is a one-dimensional global minimizer along a line. Now, the only difficult points are local minimizers of f . Theorem 3 provides a criterion for checking if a given direction is a global descent direction of f at a local minimizer, but does not provide a constructive way for finding or identifying a global descent direction.
In this section, we discuss this problem. Assume that x is a local minimizer of f . We use the same notation as in section 3. By Theorem 3, we may solve the following problem to obtain a global descent direction y:
If we use the infinity norm, then the maximization problem (14) can be converted to 2n (n − 1)-dimensional maximization problems: max ∆(y) subject to y i = 1, |y j | ≤ 1 for j = i, (15) and max ∆(y) subject to y i = −1, |y j | ≤ 1 for j = i (16) for i = 1, . . . , n.
When n = 2, (15) and (16) are four one-dimensional sixth degree polynomial maximization problems. They are practically solvable. In fact, it follows from Theorem 3 that the following result holds.
Theorem 11. Assume that x is a local minimizer of f and n = 2. If one of the four one-dimensional sixth degree polynomial maximization problems in (15) and ( When n ≥ 3, it seems that there are no advantages to solving (15) and (16) other than solving the normal quartic minimization problem (17) which is equivalent to the original problem. If (17) has a feasible solution y such that
then y is a global descent direction of f at x. Otherwise, x is already a global minimizer of f . For n ≥ 3, we propose a constrained nonlinear equation approach for finding a global descent direction at a local minimizer. This approach is also valid for the general global optimization. Hence, in the following proposition only, f is a general nonconvex function.
Let > 0. We say x * is an -global minimizer of a nonconvex function f :
The next proposition gives an approach to compute a global descent direction at a local minimizer.
Proposition 12. x * is an -global minimizer of a nonconvex function f : n → if and only if the bound constrained system of nonlinear equations
has no feasible solution. If (18) has a feasible solutionx, then y =x − x * is a global descent direction of f at x * . This proposition is easy to prove. In the literature, there are many methods for solving bound constrained systems of nonlinear equations [1, 7, 8, 9, 11, 13, 19, 24] .
Criteria for identifying a global minimizer.
Analogous to local optimality conditions in the ordinary nonlinear programming, it is very important to provide appropriate computable termination rules for the algorithms to compute a global minimizer. We call such a termination rule the global optimality condition.
Although Theorem 6 presents a sufficient and necessary condition for a local minimizer to be global, it is usually not checkable in the general case. For n = 2, Theorem 11 shows that a local minimizer is global if the problems (15) and (16) have no positive optimal function value; however, Theorem 11 is not usable for the case n ≥ 3. In this section, we present some checkable criteria to judge whether a local minimizer is global when n ≥ 3.
Throughout this section, we assume that f is a normal quartic polynomial and x is a local minimizer of f . In the next proposition we give a sufficient condition for x to be a global minimizer of f .
Proposition 13. Assume that f is a normal quartic polynomial and x is a local minimizer of
, then x is a global minimizer of f . This follows directly from Theorem 3. The following corollary is a direct consequence of Propositions 13 and 2. Corollary 14. Assume that f is a normal quartic polynomial and x is a local minimizer of f . If N = 0, then x is a global minimizer of f .
As mentioned in section 2, [Q] is the smallest eigenvalue of the symmetric matrix Q when we use the 2-norm. We also have
But this upper bound for N 2 may be too large. We may improve it.
Let N i·· denote the second order totally symmetric tensor with elements N ijk , where i is fixed. By means of N i·· , we obtain an upper bound of N 2 .
Proposition 15. For any third order tensor N , we have
where z ∈ n and
Proof.
Let P (0) and Q (0) be two second order totally symmetric tensors. Then we use P (0) × Q (0) to denote the outproduct of P (0) and Q (0) . In particular, we have
We may also have the addition of two fourth order totally symmetric tensors. It is easy to prove the following proposition, which provides a lower bound of 
is a fourth order positive definite totally symmetric tensor, and
Based on Propositions 13-16, we deduce a checkable sufficient condition for a local minimizer to be global as follows.
Corollary 17. Assume that f is a normal quartic polynomial and x is a local minimizer of f . If the leading term coefficients tensor A can be expressed by (19) and
holds, where z is defined as in Proposition 15, P (i) , Q (i) come from (19) , and Q comes from (2) , then x is a global minimizer of f .
Note that (19) also gives a way to generate normal quartic polynomials. Actually, we may generate A by (19) and generate M , P , p, and p 0 randomly.
Global descent algorithms.
We use x i to denote the ith component of x ∈ n and x (k) to denote different points in n . We now state an algorithm for minimizing f when n = 2. Algorithm 3.
Step 0. Have an initial point
Step 2. Otherwise, calculate the Newton direction 
If the Newton direction d does not exist or if
and go to Step 1. At Step 1 of the above algorithm we determine whether the current iterate x k is a critical point of f .
In the case where x k is a critical point of f , when x k is a saddle point or a local maximizer, it follows from Theorems 4 and 5 that y obtained from Step 2 or Step 3 is a global descent direction. When x k is a local minimizer, by Theorem 11, y obtained from Step 4 is a global descent direction, and if all of the problems in (15) and (16) have no positive optimal function value, then x (k) is a global minimizer. In the case where x k is not a critical point of f , we first compute the Newton direction. If it exists and is acceptable, then it is used as a global descent direction; otherwise, the negative gradient direction of f is used. Then we use Algorithm 1 or Algorithm 2 to calculate the global minimizer of φ. Theorems 9 and 10 provided convergence results for these two algorithms.
Combining the above analysis with the discussion in sections 2-5, we have the following convergence theorem. Proof. By Proposition 1, the sequence generalized by Algorithm 3 is globally convergent to a global minimizer x * of f . The second assertion follows directly from the properties of the Newton method.
When n ≥ 3, we may use some sufficient condition given in section 6 to determine whether a local minimizer x of f is global. If x is not a global minimizer of f , we may solve (18) to find a global descent direction y.
use it to find an -global minimizer of f when n ≥ 3. Sufficient conditions given in section 6 can be used as the termination condition for identifying the global minimizer. The proof of this theorem is the same as the proof of Theorem 18. Note that without the property indicated in Proposition 1, both Theorems 18 and 20 do not hold. This exploited the characteristics of polynomials.
8. An application in signal processing and numerical tests. In this section, we first describe an application of the proposed method in signal processing. Then we report some results of numerical experiments of the algorithms described in the last section.
In the area of broadband antenna array signal processing, the following global optimization problem often arises (see [22, 23] ):
where f 0 :
n → is a strictly convex multivariate polynomial of degree 2, g l : n → , l = 1, . . . , (N l + N q ) are multivariate polynomials of degree at most 2, N l denotes the number of linear constraints, N q denotes the number of quadratic constraints, and w ∈ n is the n-tuple real weight vector. In [23] , Thng, Cantoni, and Leung showed that the problem (23) is equivalent to the global minimization of a quartic multivariate polynomial. Instead of finding all common zeros of a set of multivariate cubic polynomials as in [23] , we use the algorithms proposed in this paper to compute the global minimizer of the quartic polynomial.
As an example, we apply our method to solve a 70-tuple problem listed in Appendix C in [23] . As shown in [23] , this problem can be transformed into globally minimizing a bivariate quartic polynomial as follows: Before solving the above problem, we give a general computable criteria to judge whether or not any quartic polynomial is normal for the case n = 2.
Given a quartic polynomial f : n → in the form of (1), f is normal if and only if [A] := min{Ax 4 : x ∈ S} > 0. If we also use the infinity norm, then we can compute [A] for n = 2 by solving the following four minimization problems:
and min{Ax
4 :
Since (24) and (25) are four at most fourth degree univariate polynomial minimization problems on the interval [−1, 1], it is easy to find their global minimum Since n = 2, we use Algorithm 3 to compute the global minimizer of X (α 1 , α 2 ) in eight iterations.
We further test Algorithm 3 for n = 2, and test Algorithm 5 for n = 3, 4 and 6. All computer procedure codes are written in MATLAB language and are implemented on a Pentium III 550e PC. Some parameters are taken as
In addition, in our numerical experiments, if F (x (k) ) ≤ 10 −8 at iteration k, we view x (k) as a critical point. For this time, we find a global descent direction at x (k)
by Step 2, 3, or 4 (instead of Step 1) of Algorithms 3 and 5.
When n = 2, using Proposition 16 and the routine RANDPOLY in MAPLE, we randomly generate 10 normal quartic polynomials and find their global minimizers by Algorithm 3. The results show that the maximal iteration number is 10 and the minimal iteration number is 4. The computer time for each example is no more than one second. Table 1 lists the global minimal point (GMP), the corresponding minimal value of the objective function (MOF), and the iteration number (IN) of Algorithm 3 for each problem. We recorded the times Algorithm 3 visited Step 2-4 before it obtained a global minimizer for the first 10 examples in the appendix. We found that Algorithm 3 visited Step 2-4 three times before it obtained a global minimizer for test example Q21, and only once for the other 9 test examples.
In Tables 2 and 3 , we give numerical results by implementing Algorithm 5 for the cases n = 3 and 4, respectively. Here, 15 normal quartic polynomials are generated randomly in a similar fashion to that for the case n = 2, of which ten minimization problems are for n = 3, and five are for n = 4. This time, the maximum IN is 21, the minimum is 6. The computer time for each example is approximately one second.
The termination criterion when n ≥ 3 is Corollary 17 following Proposition 16. Hence, the obtained global minimizers satisfy Proposition 13.
When n further increases, the number of coefficients of a quartic polynomial increases rapidly. This poses a storage problem. Also, in practice, when n is large, the coefficient tensors may be sparse. Hence, at last in this section, we use Algorithm 5 to solve a class of special normal quartic polynomials with n = 6 and sparse coefficient tensors. These results further verify the effectiveness of the proposed algorithm. It is seen that the following polynomial is normal:
where a i , i = 1, . . . , 6, are six randomly generated positive numbers, P is a randomly generated 6 × 6 matrix, and p is a randomly generated six-dimensional vector. Furthermore, if we use the infinity norm, then we have [A] = min{a i } (here A represents the fourth order coefficient tensor of the leading degree term of the polynomial). We first compute the global minimizer of a simple example:
It is not very difficult to verify that is a global minimizer by directly solving the KKT equations. By implementing Algorithm 5, we get the above solution after five iterations. Table 4 lists the numerical results when we randomly generate the coefficients. All 29 randomly generated tested examples in this section are listed in the appendix.
9. Concluding remarks. In this paper, we introduced the concept of global descent directions. For a normal quartic polynomial, we give ways to find a global descent direction at a noncritical point, saddle point, or local maximizer in the general case and at a local minimizer when n = 2. For n ≥ 3, we propose a constrained nonlinear equation approach to find a global descent direction at a local minimizer. We also give a formula at a critical point and a method at a noncritical point to find a
